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it Q%O'J\O{avxce( tall( in étl‘ o '-Feh weel (o be Schedu,lea{)
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abyebric represonlationg of G

Questions:  * Can we recwnsbuck G fom Repy (&) 2
| Given any catepory £, cw we w2 vhedior th & of fthe {form
Repillr) Hor Sowme G %

* ls twis ugeful ¢

Answess Yes, ¢ G © debemined by 'Repk(G\) Nﬁqu{eﬁl QA a gymwilvic
monotdal  catepory under @ ;

* i T haa the ghwcture of a neskeal El\_kLL\,_QS('_Q_‘ZjQ%.
thom b Ts of the form Repy(&); |

© and this s useful in two wasg:
(A) nemtmd Tawialkian aéesm‘e,; arse i “naduce’ , and we
can gbuc(g thom n terws ol vopresenkation theovg,)

(2) and the Jorwalism cn alve s‘w\eﬁ&)dmg modes o Ropy ().
EXQ.W\‘P@Q . CDVWM% Spacel

Let X be a mwneded, ﬂocgﬂsa, &‘W\f&g donnecked, topologleal gpace.
Rewll: A coveny space of X 3 (Y, ¥ X)) such fhat {or evary_
xeX thee xSt an opew nelghbourhoad W of X 20 flal (W)= L\V.‘
anch b1V S, X |
Wask 4o wwderstud: T axkegonsy wru\{ L e g A
wovplisws:  mape bebveey thaw over X .
Fix a base pomk xoe X and,  cons [l Wy = T Q<(><o>~




Ton we have e following pretare:

Wyg® { Coveing spacu’i >, Seks
(\( g P X) —_— Tr"CXOo:—: Q%()(Q)‘

3%

WoBk, W we dercte the Gniveml Deevivg Space of X by X thew bhe
nwerse QD{,I.M'VG&&MCQ B glwen by )?x&%ﬂ — S .

Example: Separable Kol edonsiong
let k b a keld. We now wonk to awdertland the aLQQ)oﬂa, € wih

oljecks +  finlle soya able Slold oxlensiom L /K
{ Movphisws ©  homomorphitue  bebween themn aa k—q2305¥\$

I ‘ . .
T any  L/k | cnpder the sek Mokation: K= cepamble dlesure
) we choote k s wser.

of embeddingy )(oka(L‘ "‘&qo),
Mz Gal ()  abislule Galoly

QQM(P sek ()Qca.xge L s @8‘0‘*?4( %’“lh gromp wibla pm@ufh t"V’OQ’S&'
ove— k. " acdk ou thx ek 5‘3' L )

P)‘S{Cova)o%luow} and the actloa s
trangibive (_b‘-af &Qpamé)ru%) aud  comkinuous. We 39A' the foﬂﬂw{»\% p{&ufﬁ‘,
G { L/k fimi(e .se,{oqrxuti = 'z{}uik 2k with @ulingouy Wale |- ae\\‘m\}

L/ = 1'C Hom, (L, ksP)

[where @ wos e chosen ks kSe# ] , iy © the wam theorom o Galaiy theory.,

Tor fhe invense | woke thal any suwh [tk B A the form U/ for an opey
subgowp U ') gud  we map ths (kw’)u.

1. in Q,l aiC  Qroupsl n o) on

Theoghady k will be a Qxelol) Pt = Spec K.,

M(%@mekﬁc)‘- An aldine algebrulc group & is an q%v\e SpecA {’ov q k-a[gebm
A, Jt.osw.{k&r with  maps
m: Gx G — 6
e Pt — &
i: 6 —= &6

S“ﬂs%ivﬁ e uguald quonp  axiows :
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Ronk.: «/4”«3, scheme X /k 15 waiguely determined by Wt famdor o points

ALB k )Lx = SQ{
R 1 > How, (Spech,Q

i{i X s «%v\e, X‘—S«'c/\/
-{l\*s 59 HDWK (Al’R\

Moeover, for XY /k) a map X Y i bhe same @t & nalurmd
'tmn&goww&{\'on. h.x e h\(.

Def.( funcboral): A affine aloehmic qoue s an affine sdeme G = SpecA togebhen
with nabural mays o  cols

me o G (R)x GR) = GR)

er: Y TP QR

ip GR) —> &R

V(RG ALSK :

Sa{is%iwb the wual Qo axioms.

(/E-”‘\k"' Hqu'm?) an ivverse iy a pmpeﬂj. (i exals, i 0 “‘““%—"‘Qz'é( deterimined )
Deflalochente): A (commubabive) Hopl algthon 3 o (commulahive) kalyebra A 4ogelhor
with anQbm homomomWSmg
A B kB & (c»mdhp&'mﬁ‘ov\)

e A - Kk (Couvxil—)

1 A = A (antipode)
such  thal  the MBMV\S diageamt  commtle *

N , i id
B Kok o o LB A@A_L“; A Ag’—.‘iXAcOA( LA
ld@A/I\ (™ T V 1‘6 / ] T /c- '}A _j\ T
A®A < K <—?~ A ——bg k
. (C‘Da\&SOdC{ﬂvt‘(ﬁ) (Cow«i& QK'\ON) QCoiw@v}e q\(‘low\)
/ROEB&#@QQ’
Thexe & awn auﬂ'ecwivqewcq {c\{l@me a?ﬁebﬂuc 3(’&(}0?} > 'Ewwmu{whv‘c Hop[ qfﬁ@bm?&
Spec A ey

& b " (& )



£Xawge}
(1) the additte grup Gz R — (R, +), Ga = Spee kIXJ,

because Hom,, (k(x], R) = R owpatibly wibh addition.
“The Hopl aloghra strudwe hes A k(x] — kxI® ki) = k[y,z]

X =5 Wi
g ki3 = kB, x>0
1: kix] =@ kK], x &= -Xx.

('2-) GAM_, MWU'(P&'C"«(‘(Q Sroup: (R \—> (Rx) . ) . G‘M = SPQC k[tlt-il .
Indeeo,  Howm,, ( k[t“l, R) & R* @mpq{t()ba, with  mud Hyelicakion,
Mopf algehr  strudure: A k(tt1] —= k[u*" v

1 — Uuv
e: kltt), —» &k 11

p 0 kI = kY], teetTh

B) 6Ln: R —> ({nxn iwerible mabnces over R, mabn edliplicition ).
G\L,, = S?ec A QO“ A=k [xi&) det-i']ﬁ(,;sh. '

Hopl alacbs hay A Xy > Z Xie 8 X,

Xige ,_;,_ii g o=y
o=y

Cand 12 given by Cramer's cwle .
Mo Rexibly, .V & o k-vecdor gpace we oxn define

G1Lv : AQSR = Gw‘b
R = (At (VOR) o)

I} V i \S*WiR*o\(thoMf , ths gives badd GL, [without explictk coovhinales |
(&) Absbeack youps Let H be any group awd define Gz LJ P’C,.L .

’K.H(.dm?ﬁw G= SpecA where A= k—;rHKh On ik, we éé&@%
w havwe

m: QX & — G ' (.P)f;._; Pkgx L P(kg
On the g«\dor o{, poiwh, ths © R —> TT H

o (Spe<R)
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(5) neiN, M = rooks e{ um’\-‘g t R (‘i‘“eﬂff‘"“ﬂ,‘).

/V‘v\ = SPCC (k[‘(]/(‘t“-’\)) R
Hopl algebra structure comey Prom thal of G- I fack, b T a sub-gqwoup sdiewme
o Gm.

(6) Assume  chack = p> 0.  Define Ade: R —» (fre’R IYP=O},+).

Ths s vepresented ‘ng Spec(k[ﬂ/(xf’)). The  Hopf algebra shruckuve  comes
fom that of @, ) G 5 a ub- gouwp Wheme o G
1. 3. 2025
Tﬁ%-. represontationg
G affre group sckame [k, A the asscoled commatabive Hopt alebr
Def.: dn aloghmic regresentation. of G o & wesor goace Ve Yedy [ a monphism
of gqroup fonclors 42 6 — GLy .
Thod i, foc overy. Re /ng i onssls of o growp  homomorplirsm
YR+ @(R) = GLy(R):= M\.Mcdf( (Vawr),

fuu(\')ﬂa@ea m K.

Rewack s 1l dimV = n < @, amounts € @ homomovphtsm  od qromp schomes
Y- & = Gly,

ie. to a wap of Hopl alpebias
k[xé“ del'—ilm_"_; A7

Shath

o elomeds of A (hoh 15 wecktle) st

e, b @ matax (“80«1&3% C
THis follows from > ]
<&

Blag) = %ﬁaak B ay;

E_ av) = 5 s | \2 "=X
( 6‘) Q othoywise |

Do} Repy (&) = %c«{eaonﬁ of ropresomtations eb G on Guite-dim. vector Smceag

Def: A coalochm is @ k-veckr swae A toelher with k-Cinear maps
AA>A0A, € A=k svl'ﬁQCOQA%QCfQ‘\'w“f% A auuwt axows hodd |

Ll A (tight) comedule of- a Gqlgtha A & o edor goece V fogethor with a

K- Civea~ wmap ©: V= Ve A si. the {?eﬂmw\na— HNogroing  aommute



V — Ve A V== VoA

¢ | Jeeid “m\> [dee

VoA —> VeAaA e
YOS

Bomock: Pick & basis {edper of Ve Vecke  (possibly infintte).
Thow, express @ ab e(&i) =5 _Zeé ® Ayl - T ylelds makeix (ag)ye1
L

awd Wwe wank to exaresd the comedu® axiwnd [u terms of it

The  fror @a‘d\_, ‘(Z.ek & gy @ Ay
¢ 16 _
e = > ey ®ay W
& > 7 ep® Alay)
g
The Secowd:
UBE
e : s :
WS, ex®ayt I—> g(q‘: Qs = €}
e % & 5 s VaieV 5 zs) 5 Y

me\mdwa, G)e%'dm&) what we So,L 3
A(“bﬂ = Z: Ay 8 Ak
N = JA, =k .

£ (ay) ’LO; el Viy (%)

1%

Vi (x)

Propesition  (representafions & aordinales)
dek G be an offine goup  shheme with Hopl alaebra A. Job Ve Veekg. Thow we

have @ camomcal  bijeokion
{_tﬁpr&gewi’.q\'ions 0{ & on VE o S_A"CMOJAQQ stucctares o V}

Corollacyy s R, (6) = Gomod'y,

- Pred ol propedttion
Lok P & —> QLV .
() ¥R: QG@R) = QL (R) € Endy(R)  Bandend group homomoroim,

ke HQW‘AQK (AN = G\ = Qly(A) < GdVah Vo k)
v

W A W
i == w el elewed —=  Nu

p—

(Q We wow hawe y,c HDMM*(A (Vo A, Ve A, &ewm whith we ebkain unighe k- naar

c# V= Vak — Ve A % Vo



! C’S} f\/ow we have (—>€ Hom,vec\,k(v(\/@f\). é{'awk sﬁ-@(a oM (e rwwse_o(/ i.e'/
Lrova e we ould  (ecover W

Ik cemaing 4o chedk:
o) presenel com,o%\'\-\%m ¥ awik & P SQ}\X%M M@MUM a XIOWR |
FIX & bayi of V.
Given @ poit e G(R) & § ¢ Howye, (ARY, - p(a) = (f(“&‘»f How\M“R(V"R(V@R).

Via the
Peed
Foom  the idedthes C*) & (M) (:OV\ p(-;—_] we 39]:: basts
© oefficeduce, W) = yla) o(q)
1eam) adks by o. L

.D%ﬁ), A e a ooaﬂgebra, avdl take V €5 be A vewed a4 o veetor uace.
Then, @:= A A > AepA = VoA B a covodule S'W\«d"d‘ﬁ/ called

the  resular creporesentation .

Propeihion  ( Linleness)
A coalgebec , V Comodule. Then

(1) Oexy }iﬂﬂe— &t Sﬁ\/ deh v a &’m-olim- SM()ComoJZM& 0{ AV.
(D) every [l sk RS A Goa in @ Pndim. Subcodlgbec of A
’P/@z&. (’\) Wéo«b. astume S = {v% Chosse ¢ (pany ‘((.\“\'%:ez ol A (& a vedon
space).  We om then oxpreyt M) as follows:
()(V) ¥ Zv\\ ® Q; foc  Some W{V,”uq %; e
Moreaver;  wo com Simtlarby  wlie

?LVi\J =: ;ZV\‘ ® qé’ @e{ dovue \/ch-V.

By the amodule axiondl, ve fiud

Z“(\"K®C\3®q\- = Z\/\‘ ® A("\{)‘
Wy \

It bUows  thal  eady Vg 1S a Duear  combinalion 0»{- the V; l
= k- {v) v,;..,‘vv\”\ R a  Suboomodule Qovxﬁm'h(wa V.

(2) (qu‘m, wlog. S= Rak. By (1), thoe 3 a Sucomedule VA, dinV < o,
e aeV. Lok Ugpe Uy bR ] oy o V.



Tew  Al) = Zuy @0y A (ay) = %:“}sk@qk\‘ b (K).
&
Rab tas  meamg sk Spank {ué)q&& S M ] S"’L)qu@yb\’k.

Nete: I} A & a coslphee, then AV:HMW(A(\Q Roan aggeodtie untol algebra.
<y

wilhk  m: Ao — (AsA) A AV ws ndhiplicaldon  wd €7 ap wni}.

Conrselsy, i B © a Qmi\-e—c((mmemmﬁ aggoerlive. unl «»@66&, thay

S s T s S

B becomes o codlaghm with O S (.?@By"i‘:;—'— ®o T ek
24

&M{@n’«g, tha trewsldes  an  A-comodule V' to ar b AV moddz VY,

’P/r_v& There T an qM(vqgm\ce Dze G\Jc&aon'e/s W
St din, conliebesk e = { fin don ol s 2ok

ag well ay
{@iw.gp\. gk A‘QwM&l £ 3 fnogow. Lebk AV-MOJM‘QQAE,

[Hee & & L, 50 Lq. ¢4\

GN\)%:a: (C,ovv\odue-e E’)&ac\' Se,q‘uence)

A Coa@bebru. , M comodude . Howe exadt tequence

Q— M £, MeA MM@A@A,

Prod i P B Injedie Vg B gecond comodule axiom.
* e composiblon T3 e by Ue fidt Comoduly axiom.
I om0 pove:  f Zmoar T Wb b o beoa b 6 i e imeg
ok ¢ S Gy T an elomentwie  sialwedt, we wmay- pud te q
Gomoduly M oo o coalbebe é wiidh, are both  fuile - diwen gional.
Ule., whoy, evergilivg finite- dimengional . |

~3 Now dualpe, wiking B:= A" Ni= MY, avd  couider the dunl

Sepeace
ReRBON = B8N — N = 9

f@n = O
64®b1®\4 o 5466')_"\‘ 6401@1’\.



G [t s«%ces {o prowe  exaclness (\h the meldle) for th Se"(/"‘e‘m’ Bub i Zbl =
* 3 the \V"\‘\jQ g.{_ Z’la (3( @Wn; [‘_’+Z b'@"\( EM’ ] ; / ()

Xamp_ﬁg ( &m(e 3muy:&

H  abstoack Aroup i,  ~> G = hLlH Pl alfte greup sheme ’

5

A=TTk il Hopb algobm

hke H

A" _‘Tk =3 —r—- kkll’(- (’AL&& 1"( 7 Z 1h"h" avd

MeeH b Wle K e
h'w:k

£ B e oy to k.
ks dual AY v b be groue algebe k().
= Fulle-dim. G-reps (% 0d. A-comodules) are e S af  Huik-dimengoual
epresoddins of K Ropy (8) % Gomelf* = Mod S -

Exanple. (mulliplizre. group )
Rl s G bas Kook olybon K[E5] i A k06T o> KEyH 0

l

t = yz
ad g2 k] 5 kot 4
/Votvl & Gomodule \/ hosy ()Vw V& k[(’“]
ey ZQ-‘(V)@(:; ; a Puile Sum jndexed 6} 74

lor a Lo ron MMV],

The fink Comedufe axiom gl > Cslei) @ yig = Z
i(&

r
|

pr) ayfzb |

jemw whidh we fearn Wl Q&(()"M) s 0 \‘é i+ CEMJ( e (V) (),(V) ,
(/{'(mtmw, He Beeomd axiom (W\p&‘e)s Z()"M = V,

dA’aoy-é)‘W( we hwe  Lvear waapg (G'BRCZ which form & compleke gel 9’(—
orthegonal  Mempotents, oV = P (). Heuce,

ieZ

-irepre)_o«%'ong e{ Gm% < {Z*%W veckst S;oqfei}
(v Ne Gualle) ech on the i-th graded preee by \!)



Examle (additiee group)
{Eﬂfq_ﬁ(‘ Ga  has Comulhiplication Kix)—= k(yie]  and counlt kix] =k

x —» Ytié X >0

A tomodule e o1 a vs. V3 e V= Ve K]
vV = > @(v)ﬂx‘

[20

Joo  k-ineve maps (’u’fV*”V sub);ee\- to  Gonditions, Namely :
V—= Voki&] == Ve kiyw]

Voo TLZ().‘(N)@ Xh > :{-,_09'\'((’3(““ © yra'

=
= ;Zg ee (W) @ (y+2)*¢

as weld @y V — Ve k] — V

. ! <2 Qo = iy .
Vi Q;(u)@;(‘.—-»@o(ﬂ =V
120

TFow e Q(Vs\' Cowdilion we_gd.:
Vig: ezleren) = (19) Pieg (V)

Note: “The ot commak , stce wlue sen Hhat Pyopr deyeuds omly ov (+i.
N7
Hexnce %«M\W o Ga. ae the same Q%vod«% over M divided

powec alpgba.  Bi= k[{’u(’z“._}/((,(()& - (i»«\,%)eﬁk) v Sk WeV o (2\’»\\'&«1«6,
many (’30’) ]QAre hovter ., C-@ocaﬂ Q(m‘lu.«e/ﬂ]

M%g@duﬁ 9«/’5@ ressosek 5‘3}&‘-«@ @ef/eaca‘( Gintlences—gn Yhe
LW-)
Claim: 1£ chack = O ton  Tep () 2 {0V, $) | Ve Ve, g2 Vs V st §
\V\&QGAI Lok S\‘“—‘% cR W/&’] C e S‘%h}e‘a’ Syl = g\'**ﬂ
. o
1.-(3\ .
from whth we see R 2 k(). V beiwyy Sinile- dimentioned  meang
kLol (uileness > ouley  fmitels mauy, (i ROWEND ol Sone
povec of 34 Aas ko <ok 643, e |

Clairis 1 chack > 0, duark= o, Hhen
%Jk <(Bq‘ = %_(Vl ¢4 |Q1,...) \VQ Ved&*) (J.‘: VoV %&pmov,ﬂkisv»\}

st. $iP= 0 amd didy=dad ¥hyo -
amos all 2on, 10



: IWM (KL(W\W\@()
I} p o pame, the p-adic valuaton of (’&) B ogien W the number:

of timeg we have € ‘;ry o’ when ao(ouv% m and  (n-m) in bue P
‘ Poof:  Wdle n= Zart , wm= 2 bip , (h=m)= > cip'. Theu he umithey -

ained ko egpal Wlplm) ® Zb‘: Z:CL{)— E Ay, Slidbus
o

o the fchovide we weed are

p=

valpl) = anv (Pay+a) s (pag+ pays )+ - = Z p-
e, M romang Lo obecve

Ean p{-,‘ - ei;_;{ N oo _P\—.'_:' o Zb\.* ch - ZC\('

;Z- p-a 2(_‘ n-A b ,Z n-" ‘@ = p-4 il

Now &by prowe fhe whim. “Finstof oL, we il o b (JiP'—‘O Vi 4

/

@) 3 A\ (4D
since @t = =n U.cm\."‘(gﬁ)—nﬁs Cdr = _%ﬁ‘o( Odi -

n packicafar, (00 swee wlow adlig wp THlt b e g, we e

P Umes

fo@md_ d orr al fleadt ouce.

Ao, B greded with degpi = 1. TR eadh 71,0y om be expesh i fong
ok prowih i< HE & T nok a e ol py e agadn Bllows o b
Loma. Homce, B 15 gpwecsleh by fhe QEpd , and  eak of thom
is not ospressible by angbhing. smaller

»H R = k[‘E%’G?’(DPl’”']/(prd:O vd)
13. 3. 2025

_I:Qd%'- reconstraction of omdxzaebm (bow)
tonsor cadegyories
. Reconstruction principles
Comoduks awd,  Prmelful Qundon
Nole: Let B 6e a fuwe-dimonsiona? k“\‘&j’aﬁ*& and amydes P Cogetfal  fuuelon
w: Med¥ — Vedld,

171



Thon B Hom (w,w) , with addition. X commiibion.
[ndeed , eadh be®B v ‘é' natucad tuangovmation
’Z: M —-b——? M ) MQMOO\'C% ;

On the othor hand, we canoniodly  lave 'BeMod% ) So for any he How (w,w)
Hee 75 the Compovient 73‘-3—?3, amok rZ.B('l)=:bG'E. The oieadis

dekemines ;Z by vzl ¥ M M oM

i1 e 1 I ~r pulm) = ngthm
1 (B B A = b'wm.
7t

Jor C&Aﬂ@ﬂb\r&/&, this werks ([ for (q — 0.Al even wikoub the %‘nlk—dt‘mwm‘onaﬂ%,
asgumptlon [on B 7§ .

~> Lok A be & aalbpbm and  congrder
| W Comw\%;‘d' —> Vec%(’:' .

Glion quy Ve Vecky | ot necessanty-  fille-divengipual ) dewole

‘ waeV: G:)modi( —  Vect,
M —a aM)eV

Proposibion. (comodules and frropkfel Junclors )
The wndeclying. wesor gpace s A represents  the fundbor V= Howm(w we V),
Thed 5, ¥ VeVedy thore 5 a nabwed denbification

. i !Komk(AtV) <= Hom (w,we V)¢S

Prood: JThere is ot nodurad monghim THW — W ® A gien by the comooknle
Sthucture  map \‘MGCow@{i‘*‘- M —P—*Mw/.\) Jo wQ Cam map

oy B A=YV b
M——-?M@A ﬂ M@V/

givig wh @ movphim Y ($) e Hom(w, we V),

) Foe the obhec divechon, constder A as @ amodule ever Wself. It need
ht be  fuite- dimensional,  but for eadh ach we my {x a Auite- dimenmsionad
tabecomodmle N of A co»ttmv\m% q Guivey, pe Howm(w, we V'), Ce D(7)c Hmk(/&.\/)

map a to i image uwder N ——— NoV—29 s oV = V. “tuy s
indopondant of the cholce of N by mmmﬁw.

12



3

|

D) = e Y = (d: 8\\«”\ @e Hom A&(V) @nd qu) EO'EE)('b\) sowds & to

@) A -
s iwmage uwnder (N oV =5 koV = \/), whidh  uyrenels 4o
A(

"kcsa\/% Vv,
bub  tha cam b rewviilen ¢4
sid

Nes A S5 AsA &5 kep 28

V

-2
=

e keV =V,
o a & ceally senk o §(a). v
VY= =id:  fx Me Mcﬂ,&l"k and ne Mowm(uo, w V). By Pop. (futtenes)

ok a Bntde-dimenionad  sbeoloeba, st M B & comednle sver B, We
need to prove that B gee by

)

M 2> Meg 2225 Meg e v U0 MokeV = MoV

e o
da s T w
Ndgt MaB 5 « Bcomedide via MoT>MoaB, QK" W oe
avd Qs malies M E MOT a BR- omedule 0}@ 0“‘5\%“&.\'
moophoim . MaR 4% Mepen . L
9‘ T\Q@fok
M — H4E
Hence: M B4, mMe3B
il G lqmes duta
MV —> M@ aBV Moke V 2 MoV |
em o id =
So T = (MQD *’\@13@3?3 M@BR Y g akov = Mov)
—_ dimM
L fwh, we ke  thal e = MM®'ZB becamse MR = éB? ag
a B-comadule and | commuley with dived sums ./ Ul

Corollany: Anyy k- coallgebre A T uniprely, debormined s o umigue  TSomorahis m
by the aategory  Comod’l and W Gmedft —> Vel

Podd: The wdodylng- vedor Spree of A Ty delecned 6-%, refresoding the  fandior

Vs Hom(w weV) . Morener, au we huse Seon in the proof 1



) How, (A, A) == Howm(w, weA)
Y 04
MA ¢ > T T\ - M —P—’LM@/\ ;

)

and Howmy (A, AGA) == Howm (W, weAeA)

CJ.D\'R&V&!S W w "

e ) . e e
A = (neid)omr, M s MeA = M @ ATA

VADA

) and Gvmiéachy Howm (A K) = Hom (w,we k\

w i L “'l'o(.jﬂ'
f e 5 " M ESMeATI M

Ramarl: varont — €k A be a coalgebm  and comsden
wWe W - Camodez X Co«a).Q: — V@k@f
(M ¢ N ) (S w(/k,\)@ ANUV)

Thon A8 A copresuls the Quder V= Hom(wow, wews V),

| i¢. theve qre naturd  byedtong

| Hnmk(A'aA(v) 2 Yowm (Wew, wewsV),
| @ Pv)
Ohe dieckon 5 sk tallwoy (d du) e Hmk(At# R 3

VMN . MoN 0% MEA o ep Waotuoliub), g ygy

L a pl

/\ﬁw\‘. WA © & commatafive l—(n,o(z a,&aebto., a= Qpec A, there v dolitional
ghruckuce  on Cpm;e{@i = Rep (&) We have

® * Rep(®) x Repe(&) —~ Repy (6)
4 = ivial  rep.

() Repw(8)f —= Rep(s)

We waml Lo reconsiruck m(e,él on A fom thi,

e



M‘AU'\'EQ\'(}“OW‘ [ehA A be a ooméq]ebm) and  guppele were 8iveﬂ a Lineowr mype
m: AOA = A.  Then ewe can dhedk thal

£ A= k wek, m

”Au-&k cead the %w{ua, o dob.armg: N
AohA 282, AsAshoA AeA & kel
ml 3“\@""\ (mb. wf a wp) / \"li lM

—>

A o O hoTE

[ so, fhon ve oblaia  ®: Guaddd x Guned = Conad ¥
('M.NX —=>  MON  with comodule
Shucfure M@/VP—'“?@'M@A e NeA
do l,%tp
MaNeA <— MoONe@ Aal
Qg;%%:'- lef A be a W@aégebm with M as qbove (e q coddy map MOA~ AT,

() The wulliplicatlon m: AQ A = A iz detesmined S%, Comod“b\ L @Mo(‘z-)\(ed’:
ad e tomor podut ® = 8 (e delined, vin 1] on CDHD"(QX'

(8) 1t © commubatie if qud only - fhe natuead siomovpohisim

WM 8 ) 2> W) B w(M) | Ne Gomed
MBW > UBW
pent
Gowey  fom ae Bomsrolimim Cmog/ff(.
i) Ik v cagoctabive i awd ouly § bhe nalurad momorpohim

(LM} 8 W) O W(P) =» w() @ (W) WP, M, Pe Comodsh
Gomes from a nafurl somorpUisia G)Wee(“
A
Pod:(\The map m: ABA = A Cwm be recoeresd  from
WM) 8 wN) > WwMEN) L5 W(MEN)BA < wWM)SwW) o A

whtgy the temark alove [ 4¢] @ How(ABA V) = Mow(wew wews V)

@) m n ommaplie fl ASA T A & ASATTS A ere el

The 5 the cte ), b all MNe Gomedl  phe Covrespending. 43



wmaps  wW(MB N) — w(MEN)eA ageeg.
WMB K) — w (MEN) @ A

Mumve&(n& M-\lhbv\x/@umch‘om" Py & He aue 74

MoN —C5 MpAeN®A — Make AeA 2281, yonsA

o’I Io’@ro\
NoM 2205 NehaMoA —> NeMOAen HelIR o s A

commmdes . Bt thts b expresses tka&/wkz%w & MAN—=> NaM 1t «
omadle mapl

() ™~ Sl with more WS, U

Mi lek now A ke o Ceo&lﬁd?rq with a cgw.px{l% w/ﬂ\',o@{@\(’iw\.

CM; An eloment echA T R wnit for w compatbly with the Coalpebro,
thucore T and ende i the corespondings e K> A T o comedile
sbouctee on K, aud for Suery M C})wmtgef the. obviows maps

ko w(M) & wM) g wMlek, Hes
Come 9"‘“"\ (nabu\f,) CoMoelM‘ee MNOMW?-

2
Broo 2 ) Compattbilibyy mems thak A geould jresene €, i eT C A%de

AQ—G\A A@A ?3
bpicdosly, 7 7 e [ledhe o sl NI

k — A
e

whidh expresees, et K bR & comodube vin e,

) Govgdes, WM,
M= Mok % MensA B9 Meh. &

Unde~ the Popesitton , ths cormesponds €0 (a — m(ase))e Homk(A,A)/

ad ¢ v a mght wadb ff tet Glter mgp 6 el to dp, hemce
l‘e/e W" '6"‘4 %%wiha. ngmqle;:

76



Mo k %5 MeAoa T2 MoA B ths Commas Y
| Tt . Nid! (om e Cedt]
" === MER a map of comodinles.

M
LAt uuh‘.w@ha» [ qmﬁagous. a

Antipode: dsume that A, a colyebm, already hay  commiitl wmoe. (1§
b ale  hes an qublpode 1 AA, mqk)‘v%, b oo Hopl algebm, then we 9@{-

M ¢ Gomed —— Goredf > M= Hom (M) il
the O)wn:(luﬁt S%yualtme

MY O MYg A Moy (M,A)

idov

¢ (ME5ma A 125 (e A S a )
£a

and tuss & Junclor (V' (Gl ) ¥ > Gonalll Lilhng e otucl dunlity
Vel sreovec, the. [
oM k / o e o On s page, e @
S:k —m MM A g MSM- K onlecof MY & M

(GOWW«U"\) (fN‘"&"q(\""’\) M- H2 wvonge )
Some paces. The (teas
Kk theush.
are  Comocule maps. st —

’P—@L rAea: &Unw chedk this \Q\OW\ comednle axbms oc apv)%e to C)M%—“f ?wk@i)_

Q
gm(lm%g Lok A be a coaloebrat equippied with compedltle mie (o0 a btalgebr ],

Assume thk  VMe Comodf( e dual veche spue MY has q{nzéudfqﬁj A - conodule
o fanconad

stucure  tuch ot Sk >MYEM & ¢ MY @M 5k are (omodue maps.
“Then thece exsis 1A = A qu\‘ma, A whe a l—\oﬁ- o,fﬂwbﬂ\ [ v a&wm«»{%,
A then 5 a Wop) alepbe. ]

M 33 (Pmp./ l—(,owa«(guf\\ :“» How (uy | w@l\), Tren for Me (bm‘;(% I
e 7

we gek T A 8w d

m wM) L2225 wM)e w(M)' @ w(M)

WM © wM¥)® A 8 w(M)
4 €@
Ao wM) = wHM)gA .

(:T-Gr- details; e Saamuel 'Pmp.é.z.:z]
¥



L}g&_@l\&: o:u@a%n\ A determined by COK«OG(% , W
Hop{ <logh= A determined by Gomed® | W, ®

T_gd_aa: temsor ka‘ﬁovie/s) Y\sﬁi{c\j
a@awbmic Tannaka~Krein theprem

“Tensor_Ttatenores
t CR’(.Q?)OV‘K, | CXt — C Quhcl«w‘.

* Un aggoci&iviﬁa: cowsbraiif for ® © a nabuvad  Bomorphism (o] fuucos

Useext =) Goya: Xo(¥8?) = (keX)eoZ , XM2el
such Bk e pentagon Aiagram  commutes 1 YXYZ,Vel:

X8 (Y& (zaewW))

i/ N
Xeo ((veyaw) 0 (XoY) ® (2ow)

¢\ /b

(X (Yer)) ®W —» ((xeY)@e)oW
paid

‘A C&m""\{‘\&lvi%& aoundamt Jor ® I « natured. ﬁmng({om&(on_
Ve © X@Y = YeX X, Yex

sudt thel Yo dxy T ldygy s W T commbitle with § o bhe
A,G)(thm o(iqsr\m Commules, sqlx‘\("g gt

' X o (Yo?)
\dﬁ/ \3
X ©(29Y) (XeY)e 2
R 0 1
(Xeg)®Y 2@ (XaY)
I\
A (zaX)aY ‘/@

C A udb objedk fs an obek del togethes  with an TSomovphism
oA A 1Y sudh blab the  faudos  Z= T
Xr> 46X i Xis Xl
are W} @q(‘-‘/‘\M

18



l Deli - o mooded cllesony 15 (T, @, &) @ ebove whth has @ wil objed.

b symmebic monoldal calegont- [ (€ @4, ¥) w abere which haz a uni
et (Thn el alse ¥ a Yensor ctx’rego%)

Lot N
(1) There are  neurad '(gamowplu'gmg o(:; c1eX —X & B‘XE—>X®1

aund Ghe Q‘AV@,@VS i@(‘\( (-—)@ 1 induce eqy?v«ﬁeme,g t’——»t'
(2) 4 wil ebpeck (4,v) & anigue up to unigue Tomovphitu .
Bad,

() To consbruct o s 1@ X S5 X ¢ Hom(4® X X) we we flat X qeX
Oy Bihl:  How (1od® X) <> Hom (19X, X)

AL
dox

v
P@TO\X lo—> 0(:)‘%

By bl (fuithfliesy anok  the fack thak veldy L an [0, ay s an To. \/
@) Gien  unit oblecks (L), @\ »") ;  (owsider

~

R 1<—=71—,- 19 4 ——i«—‘* 1‘) whidh & e unighe [omovohity

(34 LY
malt e Lollowig - commule: 11 X ;46
vl V'
n his.
(Ve dontt orove this. ] b ¥ ﬂi,

y

Remark Le & w called wveckble it v — ¢ T an eo(,w'v«ﬂ%ce_
X > LeX

'S 1
Lz-c agguned tonnr b, fd, there thon oxtls au twene Ucl wih Lol/2 1

Tmark ™ + The pff:gmgo\:\/e axiom jmpley simidac CDMMu{QHVi{')g Joc all GNCWW-

o Taweve  dvadeelluig.

* The h.vxag)ovx, axiom implet Bl we can ao  @nore ovelovius, .
P gwoe bracheds & svdler for mulkiple ® perodyels.

(5
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Def ({ensae unchor)
lek T, C' & tewe- cleopdes, A fenwor fanckorn C=>Y B a par (Fe) whaa
T 2T B oa feden, and
L C R a nebwall sowmovphion o fwdos CxCol
Cx F)e FY) = F(XoY) , X, Yelb

Such thad
F(x) @ (FU) @ F(@)) — T F(e2) — T(Xe (var))
¢ G RGN
(ch\ca\:m)‘e ) — F(xoY)o @) = T (e ¥)a?)

Cat

F)® FlY) ——> T(XeYX)
%3 | @)
T @ WX > F(YeX)

| (4,v) B s to o unlt dyed of &'
2%_, (wmrpk\‘sm (4 {,Qb\&ov g«m{o«s)

A moohism o fonpe Qe (Fic), (6d): € >C' & a natued traugformdhion
7 F>3§ wh tht
Fx)®FEY) —S— FXeY) Fla) <= 1
75(67\'1 & l7xey X ’Zﬂ.l C,, l\'d
Geal —— & (XeY) QM) =14 .

- Romark: Ths © compabible with eod%div% ® to fhite families fas n the remack o p0.19].

M (A mvaxl\\'Sm /Z 6‘-(- tansor _@AV\Q‘O{S i an F&OMOV‘()L\\'SW\_ |«R IZ R Qh '(SQMW},OL“@M
of funcors [ @0‘5@“\% e exbra ctrackere) .

Romerd: 4 tomgor Qndor (Fic) 15 an W(w@me Cieo b aq inrene equivalbuce
Wi is a  temsor fundor ek ) i the fmcdor T & an @uivabace.

Def: Given @ tewsor fandory (Fic), (6.d): T =~ &' we wik Hom® (&) fov
e  sek Qe w\wh«‘sn«g o{ bom fov~ @«wdﬂr\g fom  (Fic) 0 (Guo(),



\hﬁ%mﬁ howm

:_D_‘:,L: lok X M€ & [:E @ temdr CQ‘ngv\a,]_ [ the ?‘uuc{-o(“
C¥P— Sk, T+ Hom(TaeX, Y)

(s represonable, Ve dencke the coeepmatig rpremakiug ohiesk by Hom (X,Y)

and @l b the [oc an| inlernal hom.

Rewark: ¢ S0, thea oy debmihon
¥Tet: H,om(T@)(lY) "= H'OM(T[M(\QY));

So {n  pucticder e |© qn  evaluation map € Aefned by~

Hom ( Hom (X Y) X, ¥) = Homl( Mow (%), Ham (1) )
v
¢ S [o(_
Note: 1§ Hom [ X,Y) oexsls, (b un(q»«da, deternined, ag & e evalltn ¢,
Rownurk

—

¢ How (4, How (X)) = How (X, Y)
Hom (XY} @ Wom(¥2) —  How (x,2)

%3 A dud o XeC § an objeat Xel boether with
3-1—»)(@)(“) e X'®X —=1

/

Ollled coenedualion & &I%@*\QHOV]) Suoh that
X =7 qox WM vgxVex 495, fyo4q Iax

—
" /’__/\

&
A9

X o o1 B2 \Voxexy LM, 4o xv i kv
W
Def: tomsor Cg{?ﬂoﬂa« Cwo Y\‘g\'O\ it wen ) ebégw\— adwmity a dual .

homma la @ rigid toator calegony, indamdl howg exid vl 1 g by
How (X1Y) = X'@Y 2 Y&X"

A58



Roel: Need ¥uviweT: Hom(UoV,w) = Hom(UWaeV").
To consbweet i, snd e Hom(Uev W o
(W == ue 1 493, yeveyy 22, wov)e How (4, WoV)

w, 77

and for e invese  send ge Hom (U WO V) o /l\g - N

{
A " LW Vv u d
(UoV 2% we Vv 225 wea Eow) e Hom (MoviW).
o
These veally. are matud  jwvees : Slarkinge with § we  oblain 3\: . v,
~ i t q fd@i z
UeV — Ue 1V M UeVeV'eV j’—fsa WeVWeV — Wel = W

| I H r .

»

~ \ daid o
% usieV 2K Geveviev S, eveq 0B, e Sw

f — I

r i
Other diredion aualorcuashly i = Af /
AL

Ue\V

- Ol I a rigld temsoe cﬁ?»ao“a—:
* X" = W (X, 1) VX,
I padicntar, XY Unigne UP o TDomorphism . H we adlitionll, BX the
onallecakion g:><”<a><—>><, suh an [somorpliw B uniue,
@_: Previows domma +  Yoweds Commg.
(CEano, Pop. 240.8) for disgrmmallc oo )

Corallary: In a nigid temgor mkaova, T

. -1
Ty XeT 0 gj@ xive. | e X ——> (Xv)v, iﬁéﬁm
See fvond tha
© ) commden, with @ ) Admh\ma(.xj

s bk not  obuios
© Hom (X,00) @ Hon (K ) =5 Hom (X1@Xg, Y, Yo), and | % vedeived
&VOA @'\(xli).

'tonswr Qancors commule with )Y awd How (- -) | £ =4
Note: The assigameds X > X' assombleg jnlo a cowiravariaud fandon =T

(e Mbo €M 2l ag W: bl o, _g‘. X=>Y we gt QOV‘&V"X el
Hom (Te¥ . 1) ¥ Hom (Tex 1)

"
Hom (T,¥YY) —= Hom(TixXV) 191s)



whidh o comespords to a morpism [N XY vk the  \meda Lomma,
Miwxe@e&'& WQqua,agmwr\‘&\'t'Q»&

£ Y > Y oq Hal > Yo X ey’ S5 Hsbold, yioy g x4, fox Eax"
H‘# MM
CMMWQ m c}uu.yu(\_l

" - XV-‘ oi’-.
]Q ~5 m We have a 't%gw* Qv\H @J_VM'V“\Q&MCQ (‘)V on t,

v ¥ Y < (_)gtop_q t

Aowmor (r(afc({’té/e& JRmJov&)
\A( mwp\mm e{ fensor @mdovs bekween n’z)\'ol tonsor O\Jreﬁe(iﬁ IS an Kowovpl«fsws.
Pk Ld F6:T =Y ke toon dwdos, N\:-F>a a movohitm.,
~> MXel we hwe /\x"FCX\‘”Q()q, S i parlicddar  we hone
Age F(X') = G4(xY)
i 18
FX)Y — gV 1

adl cm couider Ny @ & memhsm  E(X)' Q)" Upon appligtus c)

we 3(’* v ]
}\;v : G(X)W -5 .F..O(\VV [qy)paw\u&y 00(/(@( th]
118 Lt
Gx) F(X)

Thete aswomble 4o a Moml«n\m 9( fonsor @\ v{o«g & ¥, all wWe vow Waut to

Chedt that tany 13 Poinbvise wewe tn N, To that ew{ eh Xe¥ qud comden

Phe dingenn W ® N id
GixTeFx] o F Fx)® F) 0 (x) > F(X) 8 6(¢) g6k 225 Fe)91

Nx O D
)@ Sa{&/\\ \‘4 lXxG\JGM s 1>\X9,\0(

=

18 Ay 186G () et QKX)@G(W 6K 91

\

‘A T —3en v it

R N VN L VY

COW\M\\‘Q,S —  the Y‘\'&H ﬂ?uqr’Q does 6QQOK-U§Q ®» T g guv\cbw_ I Q?,H Sqpar,
notoeliby of A K compaltbilily of T with FA G show 4 = F(X)© FOY)

and we only have 0 fewtor Wit G(X). = )\43 S(y »&’\K@;\x'
=5 /\KO:\; = \'c{ Other Ouvcz{fm\ gl'\uf@w%/ ' 4 P G(X\QG‘(KV)

or avque by oalyle, d

A

K



Examples
G affie gquap sheme [ Gl k. > Repu(©) w ovmE.

Tor a commdabve vy, PO = the B W fulely gremkd et
R-meduley — & apd
2.4 205

Lok time T&ia:g :
 Fonor catenpries « Afapreie. Taumal - Kreln
- vaidt theotom
« A Morpii o{, tenson Lunchovs * Newkred Tunaldan a\t%odq
bokweon vy o gor calegpries “dﬁ‘;‘r‘;‘:fqv\ re cowdivu chbi

B on  [soworpilm,

Covrection: fechure 1, example &
5 H absbmet greup > & = szElH oty S group soktewmte

I H 5 fwle the G = Spec A dor A= —ESHkh'

(_OU/\’WWBQ( G T3 not q{m.&(cnwmc’r heuce @unet & au afffne sclvowe.]

Tre fopbailc Tannake~Kiewn Gheerem
G affine oo scheme / bedd k. ('Pepk((i), ®> n‘glal tengor O\‘{f‘gor'a/.

W Repy @ — Ved¥  toune foudor  (fovaddhing vep. daja)

(&o ooG') - Tor BM‘L ’RG A-Qﬁk) dmle (’U'R = W OTR: ’Pe()k(,(\\—‘? (P"'Oé%

Vo = wWe R

Notakion Contder the Judors — Ady, —> Set

, movphilig
B () + R Wl ) . vadied in
E,L@(Q(w\) o en® ka‘wR‘) »:zmkmm Mmovioids
dwl@’on) i R Tsom (uwp, wy) - m;ﬁ;‘ 1 valued. fu Grewes
4 trte f-sduw iy
“Theorem. (,a,@aebrmc “aunalta - Krelu) Q«J‘g(w)a—ww*e(‘ﬂ ‘
Trere 5 a cavounical \‘Somov)ﬁbusm o{l gm V‘«M Qumdows N oy vydety)

& > 4udB(w).
< n partiondar, A®) I represendable by au affire greap socheme. %



| Rumarks
- onyallly for topologicol g
 +Qhows how to conveniently reconthrud G Pom (Repe (&), ®, w®),

i
M] Wl A Lot the commulabin (—\o‘{ff by Covvespoudia. o &,
) The map  [eh grovp-valdued Sundors| Qlven B

®
GL(UR) —— AuU® (weR) R My
9 > (VeR —i’\/@R, Ve Rep ()

Y\ Slomerds of W End (w) (R) Grevespiond to k-Livoar meps A =R

b d()(R) % Hom(weR woR) £ Won (w,weﬂe); HomgATR)
(.{,, comadinles and %otg%z gt«ucl-w;)

) oo clemend. o Gud (W)R) Ges e GG (R) e conesoondig. AR
an o,%bw\ W\p-"

["Z‘R" WOR = WO®R T & map o tonpr fandion T@

w(e)eR (L w(e)eR

C T%’ & ch ‘
(w(-)eﬂ@R(w(')@’R) M (w(-)@ﬂ)%(w(')eﬂ)

I W\
w()owl)oR W)W R

Now, whon dodkifyig Homygg (AR) = Hom(wwaR) | we oo wlasiber
NA =R = ?‘R

W)wwik (ABAR) = Hom(wpw, wewsR)
X@/\ L] A
A A 222 R-BHR &% T @ R

AGA ™S A 2} & c'io?R°C )

S ommdaltvily. of Y diegam abar. covesonds to A bang au afgebra map.

) 8‘3 U Lumma (”\8“‘1"(‘2{ °{L g‘“‘&w‘) we hae Ak®(w) = Mé(w)) where we
whe that  Repy (&) amd 'Pm'(f",’; are iy



) ,\AQ\O‘SJQ{M(, we heve exhibiled o map G — U‘“‘}@ (.w) awf  Seen theat for enenvy~
R thee § an Somovphgn,  G(R) = HM‘((AUR) L% End ().
DU ) o AdCEAE) T Gk ®luc) (B .

P
—_—
=

What abouk growp homomeviohisms
= ok K6 be offine growp shewmes [ k. Gien a homomorphiom {: H=>G, g we gek
Repy (W) < Repi (&)
(K56 6Ly) <t (\P-_g‘c—»@,w)/

ad lewrly  wlMed = W&,
G H
‘ Grtlany: H,6 affine e Loherna [k, £, T: Repy (B) = Rog (&) tonsor fanctor
‘ wh ek Rey () < Rer (6)
O N
Y Veatt?

| Trew I growp homoworphism. §: U= G suh that F={¥
This meluces a camonlcal  bijedion

w 4) > (H)
{3(0‘-&(’ hONOMOf{JMRVNg H—9 61 4 Zte““of Q“ M 7?691((\ ’?ePk g

Comptiile with B & wH
f s S

T e il

haw¢.

Repi () <— Rer 8)
) Zem%&b‘ 7)iNow T, we g for cam Re Aeﬂk" w“@‘R\;; ,/w"@’R ‘
'Proka%

T
T wducer 4@ (Wh) 2 AU® (WF)
| ¥R: How (whaR wheR) = How (w3 OR, weaR)

v " v
TR 7’R B
Lﬂldf*ﬁl V%} ('h(V):VGR—)VGR) — ('m(F(V)) L FEV) @R = TV @"R) :(

bk AL GoH) 2 K o (uf) 2 G,

2€



One now cheeks that these aonttauckons are inverse 4o earh okher. /

j w—‘ n pﬁf*i(u&qu B}
@ Repic (&)
fasdomorplisng of G} <> Ltowr ko, £5 51, "ok rS T
(A i

Yk WA wt\'w%.&,@'.

/Mﬂf_ (Warv\iy\gﬁ oo aplese O

Toke. the QoQ(ZowM%, Lintle qroqes over C :
D F  Q

Aihedpral Froue 4 ontlen & Unik ?uqk’ﬂ noAg | W XT pav, A o‘n(;"z;

[S%MWQ,WQS 4 I:_.l ] e Q.(Cf}’k”\ V‘\\%ué nW(w“{‘“\,,
L e S whiar you

They ace nok 750""‘"“\”{“75‘ buk they hane the Seme d«weﬂwl ta6dzs .
P The  Githendieck S we momovphtt 1 Ko (P) £ K. ().

Wiy 75 thes ek @ contmalietoy %

Argwer s The Q/Sgoo(ajdv(fda// commulakivityy Congtramis Soc the repretonlalion  categovies
do not mekch , so thab ome cmndy wdle a tengor Somor i (ebvean hom.

“The motin, [anne on th
Can we Chavruslerise which Co(_J\G-B‘)OVi% C arg °e- the -gOYW\ (&Pk (G‘\g
Teeald

‘A coegony. T T additive o {5 how ol are ZFwodulsy, compesiion B8 Z-6iinear,
and fuile profds (= coprodads ~> wile ‘@) exit.
b5 R-@uear — for a commuldie vty R ~ o the hom spaces arg Z- modules
and Composbion s R-6luesr.

Ot fundor & addibie W praeney @, In pavkalr the B died [= et D]
" C 6 abelion iV W additie, hey W kevwels & cokevnely | aud  mages agree wih
C.oiwqgf«s.
Del: dn obelion tenor afegetty- 1§ @ fentor @J,Qsma/ (€,0) whoe T 1 abolim
and  ® s additive,

Romack: 14 (Lg)is & vgid tomtor cbegory- sus hef & 7 abeling, thon the fouso”
fundor ® Commules  with <0l il G| Co@{mlk) S0 v ricbar iF i add (five _
?\30_@_= e, @Y Y Lff awd right ad&oinp '®YV=E22(\‘%')’ ey J
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Romad Lok (T, ®) b an abelian fentor chaowaf aud defive R:= Cudy (1)

Then R X @ commutative ngy andf (\CIQB g R-%inewr,

el
5Poef: R adk en pach Home(X,Y) = Homy (10X, 1 ®), —Ss—t—pacticdar
% N} QGHO"\ on HDYOC(X(XB Q)hqwm{% wf(l\_ Wk WADV‘\O(}O(&(SH 0{ X, 'kf QQQX
SePHv\ﬁ, X=4 shows R to be Commukbive.

Nokakion: For Xe C,C czbo.Qhu./ demde 63’ <X> the smalllest atelian
02 t W{M‘d\ COMQQ(&S X

§ Xl & owigid temtor calegoy, doncle b (XY tre cmllest il et
B sbeatepry ok T Whidy conkals X

De). (nested Tawndian C“\%"“ﬁ)

Q«f@ &nbcq-le:ﬂma—

A nedel Taumddan ak%o%, oera feld k © a rigid abelian tensor catesony
k for vhih thee exgl8 an exad PGl k- Gner

(2, 8) sud that End (L) =
{onsor Qunelor

ad T teufrdlinod by the foroyeMul Qundor  wWOY,

Tremew ( Tanvalian vecontbviuckion)

' C —_—— \/ec\'%i.
‘Su&l an W @ Cﬂo@d Q &'603 fﬁm}ow' and we Sata,%q{

Noke : Tov am affine g shome G over K,

— — —

C v nenhralied

— — - —

(Repr(6);®) © @ heupral Tawnakjay

r\f 4ou o bo @ forert Rov a M

o You e ap @ Cadeqory awd
yra @k il iF & nestrl Taunaliiaen

L_\"f; klﬁa‘

lek () be a netnd Touwaskim caeapny 0%k nodlied by 0T \/eafg‘,
Then Aut®(w) : Alyy —7 Seb ©  representable /02 an offiie group Sheme & over
k and (T, 0,w)== (Rep (@), ®, W) a nedelial Fwmakion clegpries

i @s&_ We cafl \Au*@ (w) the Tannaan @nd\m\m@ qroqp o{f C.

Ded.: Gien ange Ve, {V)® & newral Tannakian awd we cald 1k Tannakiin fundavarad

Yloup the m\onodr‘omqé Aroup 0{. V.
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L A e« oo owe k whi Gomed > Voot the fomeHfal fuudor

() Assume we have a tewtor strucie @ on Gwed¥  for whidh (wh id) o

a tonwor fumdor.  Ten A 5 a commulatie alpebr Campq-&'(y% with  Cowodule
Studwe amd ® w dealifred  with Bhe temor  produck o coma oolurdles

(\‘l’) |£— e tousec struckure Cag In C”] oh GD‘MCU(E\‘( ‘s ﬁ\g\\d) Yeu A
a commukative  Hop{ aloghe so  thal
(Comed® | @) = (Repy (6),®), G= Seee A,

?_@i_i Ledwm 2.

Theovem  (reconstruction ¢ ooaﬂ%ebm)
ok T be o k-livear abeligy cqieso\-a,) w: C—*Vecjr,f"( an exact Gaithful k-Civean
fandor.  Then there exsts a c.aalgf,bm AC over k cuch that

(t/ w) = (COW’A%C: WAt)
Cw]we wAt 5 the Qo\'be}fi\ﬂ, &m\w, avd = wmeans e%{vaf@«ce Coquuaﬂ V/‘U&c\’kl

Usinge thy treoem on coybed | we can already yree te main rerudd:
%@ GP \rmm‘(‘hm re:ouﬂxmd\‘on t‘ﬁom
+ By the above theprem, we gek o Coa%eb"\ Ap swh (sl
T == Comod

Z\o /wAt‘

y
Veslf

comwmatadive

; Bva, the pvcyn&ié(‘oh Clop of thx )oage]/ AC s qﬂ q%eb'\t qua(/ v &= SpecAe
fre) = (CDMOO\%C, @) —= (Rep (8) ®)

BN o

By e Tomdka-Kiein thewon, G= Adt®(w6] = 0hut(e). O

’ Vec‘cn(:i

We ave now Loff with (Amvx'hg; the reconchuddn theoem & o coalaghruy abowe.,



Troof A‘k\'ﬂkeg\g_ (vecongtrachon ef @ﬂjgebn\)
Sepd: Xcr ~w Re ABM st GO= MedD, (o ik nolula]

Step? - ~ MeModfe sk OO Ml
w\a \/—&RM

\\//ecl—g}f

Sepd. Ay = A= MVQR M b s gooabhm sbuchive gudh that  ech
NegM s & Cowedude  and Moc\‘%,r, ;ﬁd’ﬁa@ww’:

—w\v;%/ o

¥ mu“quw
ng« céeav—_]‘y

SJC/W_&: gxpv% C as a diveded uwion of <><>, Xel , aud tuke the colimit of

the maﬂaeﬂm Ay

Lot b be an abelian @&eﬂ%.% We;b.ér bal o s d finite lowgth

it ey oot of A g a fute compesthon sedes. Tor Pedk we
@ defue: )P pojedive > Howy (Pm)  exad

1P gmealor S Uomy (P-)  faithll

Nele: P p(d(\ea\x‘ve seqamkw S P {Amged‘ve and VAeoh- HDM4 (P, A) +O.

Nrteypolio: 1§ A © Guile Comth and Teh a pnjedive genenlon) thes,
&r every Acof thee exts a Suv jeckbn PO > A R sowe el

Zovama (Movita aq,ui‘“\&’«"\fa | I3 %
A Vnile Congth, P pwgecke genocior = o — M°°\m 4 (PP

A — HDW;'P/ A)

M:'&&X (P)  ack on cadh HD\MU‘ (P&) by ﬁ&nww‘m&i\'fvﬂ—, whith gives
the wmodule Structure.
s Gios PR -wA} (\)maechwhé deo? & E"dd(?)@r e WA(?( A)/
o b fuder Howg (7 -) relly goes to MedB  spor -

' 'f‘.«g,_@y\_g'g‘x sback with A B ek aud :u\geohbw
POC > A, TS >R, Sweem ghen i Homy (RN = How ¢ (P ).



AN @nr
lWe then have the  selfusy Endy (PY —7 How, (P A) P e

by oY ; JIQ ' @v v ®
W»"/!;X g ?3) @3
Gd; (75— Homgg(?B) /¢ = 3 "
ma A o%d»- |
Mce{-@a@g P "

quel ch‘lkao‘u-re

. &m&c«ﬁ Sy M‘Ji@g«‘ MMW%@%@*

Guon Me Mo® wete ik by Noethorudy) as o cokermed

E"d“ )OP 5

EdP)® - CdP™ 2 M 0 . i e
> - -l

OMkK
By Glloss, His ames fom o sopmae P = PP, wibh akewel N,
85> B 5 N =0, Now take Howy(P-) of b exed saguence,

1-e

Law C&qw
la cAk‘(-*@(V\eAV‘ abelian Cax%ma, ee PM(‘Q Qe»g(’h, Such that eady HOWH [/’qE) T = @mk dlwxpmﬁ

k-vedoe space. Thon for eady Xegh, X0 hes a pecie geacralor.

M"“ Sefnle sb of simple coughitueds of X Cie athe compalfon fadow ).
T ¥8el thee 5 R > & vih T projedie.  To consbwd thete
need 'esential exlengion! and Wdudieq o Ceugth 4 K.
Tahe Pi= s®2§ K. [ e Spawsely, Q55
> Mioghen ths concludss slep 1: XX, P pag.gn of K), Rz Lol (P)
ghes (X0 = Medi3,

> Stop 2 - " chaging down w".
Tke M= P, Cam X 2 Mol (R~ Guala(F) o obive]
®
D

\/eu\—‘z

Frool: We fowe a nalurell map, Jo A (XD,

Hom (P, A) ® e w(P) — @),

H‘g Qn 3o rﬂ A-—(P, homce ?f A"- 'PQ(\. WQ"‘bi"“”‘a’ AI &’k{ rper'»7A
it komel K, whidh wells (i) = 00 (PP = w(A) = O

N ~

"1‘%&€UR T= /I 1,‘. l"a(‘AVQ - e‘el‘\m)

Hom (TR 8w (k> How(hy™)8g (F)> Hom (P, ) op w () = O Y,
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Note — &M s exad and (2«%& kit fer Cb«a—www&m on W),

Step3  ("Barr-Beck reasoning”)

Ay = A= M &M (M the veclor spree dual]. Lok S:k> MV%M b the aoevaludin

For exery Ne Mod%%op : NgM M> NoOg M 8 MV%N\
CToe N= MY, this wekes A a codlaebe (wilh couutf £ MYORM > k),
" aud acbibmny N become comodubes.

i = This cowstrudion defines an egpivelouce M s —— CDMo({H

RoP .
@RM\ / W (boglfl)
i [ov8y the " M2 peets
Pool iden Neod b cleok @l GWkbliess and P
exsential gm&eckv(bd..
+ Laibhbudness cLeac .
+heemenldl swgediity, we o o —~&pM aul e comodule exack
seyence. Eszdm\wf,a, 6.5.427)

Step & — “taling the aoliuit”

S fa =~ 94
S Ve (. & beweie seon (= ModRee = Gmad

V I U W
(’d
<Y> LR/IYP COW.&l AY /
stews 4,2 &0%3

krack
Gud wea»&f%j@ﬂe contbimciong  to See thak Ay = Ax a3 oo«ﬁgebwg

loh Ap = w@m Ay ) a dicded wbn via 0,00 < X®Y), W
j han %(\ovv\UAAqmqf C“—>C7|M€d

‘ X 1= (W) o e wowodie va
w(X) = wX) 8 Ax —> 030 @Ay ) .

T ched thaf ih T fully QHARE i sffbes o vk W K@ Y) fer KiY el

woe ve hae deady e . T~ estentud Sugealtvily ,  vote fHab a4y
Ve G)Woolﬁi B a Gowmedule ¢ Stme ﬂ'm’(e ~diwengiouad Ay < At; am|

U Ay vk Do W swe Ay, XeC.
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3. Some. @&WMY)Q%

&am& (gfﬂwle& W‘*Wf&!"“e‘)
C= {Z-goded dus /14, ik B Ve (ke ol varidd)

e

s & neubved Tammakion Via the -QO\'%W funclor. 1 T genoraled b4 the (or ol
%& AD vs. iw 5 o(egree_ d , ie. C=<Cke tj')@. _
~ Au® (W) (R) = MMOI(R (R) = R* = Gim ('R)/ £ (t,@) = CR@P/;(«ZH)I ®).

Endo

Adoworphises of (T, 8) are given by wapping- Kt to auwy ofer jnerbl
doyeok. s da"///ga?ﬁ;@g- ghes an lulere neZ — the degee of that invere
obieck.  Indeed,  Ad(G) = £ Z vin  t o>t

M (d’w“ffe:jw‘) z @i
M a {g aboliow qroup | So M= Z9" @ @( /P'i"rz)

fok T {M-grded fdovs kY, vedal Taunadou.
~ (t,8) =@ (Ru(dPM), ®)

B Some alfie grup ghome DM) ower k. Explicitdy, A= k(M) (growp olabr)
gos  DM) = SpeeA,  aud |

X Qi

DM # G X LT Mpm

Exovple. (renl Holse steuckires)
Hedg == el Hodae shaudersd, tlet -
C bpeds: (V) VPH) e Ve Vel
kR Vor C = @ v sud dhat VPRIV
i
¢ Qb Juncder Wb (V,VPE) e V.

T weaa veubnlied Tawnakian c,q%egona/. dok &:= ’Reag Gn (Wil MMC“bV\]}
te. o the fandhor o Vol it %as ouds Be Mgp to SB):= G (BBR C) .
(Tws 5 abo olled the Deligre tons)  Tou 8 &5 an offfine gnupr sohome oiar R il
bage donge €0 € TS G lndead | we hae
(Hodg, 8) = (Rep(9),®)
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Example (apoups of wulkiphioie type)
lok G be G%M’_ Srour Schame over Q Lodd k  sudy that Gksep e o{(qgo\mﬂﬁq&e,
— —— : r P lh j
ot s 1o “peson -@quwel(\ﬁ{ g ot v Q)S:f\sffn‘ “:n %pzfe of K5 !
i = EVG \/e’.c‘l'/fel with M—amﬂugf o V& k™ L )

Compaliole with he achby of Gal (k”*’/k)}

where M1 gl G-lkgp = DPM).

Example, (Sopdepfcal groves) |
K a bysaoob(mﬁ qeoup, ?@%(K) = {QJ:@Q_ cks. opPs. of Kj R neated TAunalijau.
= cz,et s Tauualdam group a reed affe group cdhame K%@/ called the eal
aligholc_emeloge sk tit (Reff (K), @) =2 (Tepp (K3R), ®) .
Simibacly for combox vopesadations & K (ww oec C).

(CLXQM'Q_Q (,Qb&kwcjc amu\og)
H qbstad qroup C= {m\a(\w of Hen Q-o(w/.g.& , neubeald  Tavua tian.

rwudﬁ g.%eﬁmk.%m&v& od H si. (t,®)= ('Ref’k(&\‘%), 0). H

Hs Ruite, then H'® o the awodeded discele affa group wheme. I genond,
Ay k=l, w an amiae to 2 pp. : H—> GLOY)  the Tammckian
| movod my  Qrouy of V,ad b & glen b4 the Yeaski closwe of im(9) ¢ GL(V).
- Sample (Loeal sustoums)

X o oonnaked, Gocally smply- comeded topolgial space ) xoe X bue o,k field
| Lo, (X) == { locall systems on X with coefficlonts 1 ki 8 Tauuelian

Lobieds: Coc. cok. shamesr of (d. k-vs. on X

vewkaed by Wi L Xy s Taunalian  fumclanedal group T the
alpbraic enelopo of T (X, %0). Moreover | given Le Loee(K), the Tamnaldan

fundamedal qrowp of (2)° & e Yaki clowwe of the wage of bhe mowodiowy
repehentakion FI,Kal TE\OQ:XD) — &l (Ixo)
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Example (Artin motives)

)’ k ‘&Qéd (e{ C‘“"W- O) @'@ke_a'r T_a»\u\qk{q“ Cg(-egwa/
X' Srockh PMQ-%H'Q (K ~= hX) ¢ Mk . o motiver orer k/ Tavuahtm

meflie of X

s spocalize o M§ = { makivs o O-dim. vaviehes evar k¥

~> g Dot exlensons  (subomaliclly bl by lrr<0)
Raile

wih Obe fucdbr w: h(X) — D Q.

x e X&)

“Thon M?‘ = {Cﬁn%imou.& s of Gmf,(Wk) on {4 @—V-S.S quol  the “Taunallan
fundmﬁz qroup recowns s (e(acionmlion thesry. .
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